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Abstract 



Given a C°° real manifold X and its sheaf of m-times differen- 
tiable real- valued functions, we prove that the sheaf P^'^ of differential 
operators of order < m with coefficient functions of class can be 
obtained in terms of the sheaf T-Lom-^^ {C^ , C^) of morphisms of 
into C^. The superscripts m and r are integers. 
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1 Statement of the main theorem 



In this note, we denote by X a real C°° manifold and by Cx the sheaf of 
real-valued functions of class C", on X, with m G N U {0}. On the other 
hand, we denote by T)^'^, where < m < oo and < r < oo, the sheaf of 
differential operators of order < m with coefficients of class C^. Note that 

*I am indebted to Professor P. Schapira for his many constructive remarks, which led 
to the present form of the article. 
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= Cx, for any nonnegative integer r. Recall that a section P on P^'^ 
may be written locally in a local chart as (see [H p. 13]) 

P=^a„(xK, (1) 

\a\<m 

where real- valued functions of class C"". In the equation ([T]), we have 

used the following classical notation: di := where i = 1, . . . ,n = dimX, 
a := («!, . . . , an) is a multi-index, and := (9°^ • • • d^". Furthermore, we 
also set, by classical convention, that |a| := Yl ^'^^ Q^' := ai! ■ ■ ■ ctn'- 



Definition 1.1 For any G we denote by OJt^ C Cx the subsheaf of 
Cx, given by 



-^--ixol^J \ G C^(f/) : for a 



<^ G C^(f/) : for all |a| < m, (a^<^)(a;o) = 0, if Xq E U. 

Notice that in the equation {d'^ip){xQ) = of Definition II .1^ we have 
assumed that t/ is a local chart of Xq. 

For any nonnegative integers m and r such that m > r, the morphism 
V^-^''-^nomuAC'^,Cx), P^i^^Pi^)) (2) 

is called the natural morphism ofV^~^'^ into T-Lom^^{Cx, Cx)- On the other 
hand, we set that if m — r < 0, then X>"^~^'^ = 0. 

This is our main theorem. 



Theorem 1.2 For any m — r G ZU {— oo}, the morphism is an isomor- 
phism. 



Theorem 11.21 associates naturally with Peetre's theorem ([3111]), which 
states the following: Let Q be an open set in M", V the sheaf ofC°° functions 
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on M", and V the sheaf of distributions on M". Moreover, let P : V[Q) — y 
T^'[fl) be a linear map such that 

supp{Pf) C suppif), (3) 

and let A be the set of points of discontinuity of P. Then, there exists a 
family of distributions {a"}, locally finite and unique outside of A, such that 

supp{Pf-J2(^''DJ)CA, 

for every f G 

This theorem gives rise to another theorem, also proved by Peetre in 
Let H be a subspace ofV{Q), closed under multiplication with elements 
ofV{Q), and assume that H has no elements with finite local support. More- 
over, let P : — y H be a linear map satisfying ([^j- Then, there exists a 
unique family of distributions {a"} , locally finite and locally in H, such that 

pf = J2 «°^«/' 

for every f G V{Q). 



2 Proof of Theorem 11.2 



First, let us recall the following classical result (see, for instance [H p. 5, 
Lemma 1.1.1]). 



Lemma 2.1 Let {Ui}i^i be a finite open covering of the unit sphere S'" ^ C 
M". Then, there exists a family of nonnegative real-valued maps of class C°° 
ifi : ^"-^ — y M, such that 



{i) supp ipi C Ui, for all i, 
[ii) < i^i{x) < I, for all x G ^""S i G / 
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Still assuming the notations of Lemma I2.H for every i G /, we let 
ipi : M" \ {0} — > M be the map given by 

M^) = ip^{j^). (4) 

I fI 1 

Clearly, ipi is C°° on {0} and llc}"?/'^!! is bounded for any |a| < oo. Next, 
let m G N and ip : M" — > M be a C"" real-valued function such that V'(O) = 0. 
For every i G /, set 

It is clear that 

f = '^'^if- (6) 



Thus, we have 



Lemma 2.2 Let U he an open neighborhood ofO in M". For any nonnegative 
integer m, if ^ E 0Jt[J^(?7), then ipi^ G TIq{U), where the ipi are the functions 



Furthermore, 



Lemma 2.3 For any open neighborhood U of Q in and nonnegative in- 
teger m, ifu G 7/omM„„(C^„,C^„)(t/), then u{m^) C OKj]. 



Proof. First, let us consider a sphere S contained in U and centered at 
the origin, and denote, for example, by A and B the north and south poles 
of 5*. Next, consider the following open covering of S: {Ui,U2}, where Ui 
contains A and does not intersect some open neighborhood Vi of -B, and, 
similarly, U2 contains B and does not intersect some open neighborhood V2 
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of A. By Lemma l2.ll we let {(pi,(p2} be a partition of unity subordinate 
to the covering {Ui,U2}, and let ipi,ip2 be functions derived from the (pi as 
in (jl]). We denote by M.'^Vi the open cone generated hj Vi, i = 1,2. It is 
obvious that ipi vanishes on M+Vi. Now, let ip G 9Jt™(?7); it is easily seen 
that d°'{ipiip)\^+Vi = 0, i = 1,2, for any |a| < m. Since | |(9"Vi| I) i = ^,"2, is 
bounded, it follows that 

9"(^.yp)|^=0. (7) 
Furthermore, since u is linear. Equation implies that 

thus 

for every z = 1,2. On the other hand, by Lemma 12.21 tpiip G 07tg(f/), for 
every i; but 

2 
i=l 

therefore 

uiifm = m(^iV^)(0) + m(^2<^)(0) = 0. 

Thus, 

and the proof is finished. ■ 

We are now set for the proof of a particular case of Theorem \l.S\ the 
isomorphism ~ 'Hom^^ (C^, C^). But first let us recall Taylor's theorem 
for multivariate functions: Let / : M" — > M. be at a point a e M". Then 
there exists /i^ : IR" — K such that 

fix) = ^ ^^(^ - «)° + E ^-(^)(^ - (8) 
and lim^_j,a /ia(x) = 0. Moreover, if / is C'^"'"^, then 



fix) = J2 ^^(^ - + E ^/^(^)(^ - (9) 

|a|<fc ' |/3|=A;+1 
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where ^ 

Rp{x) = |i / (1 - tf^^'d^fia + t{x - a))dt. (10) 
P- Jo 

We have used in both equations ([9]) and ffTOj) the muhi-index notation: 

T-Q _ ^,"1 . . . 

where x = (xi, . . . , x^) and a = (ai, . . . , 

Lemma 2.4 Lei X be an n- dimensional real C°° manifold. For any local 
chart U <Z X , let u E 'Hom^^{C^.,C\){U), V"^ the space of polynomials 
on U of degree < m and the constant sheaf on U with stalk . If 
m(P^) = 0, then M = 0. 

Proof. Let if G Cy(V^), where is a subopen of U containing a point Xq. 
By applying mutatis mutandis Taylor's formula (cf. ^) on tp, about Xq, we 
have that 

(f{xQ + h) = q{xo + h) + ^p{xo + h), 

where 

q{xo + h) = y j h , 

\a\<m—l 

and 

|/3|=m 

SO g G V^iy) and ip G Then, by virtue of the hypothesis and 

Lemma [231 ""(v^) ^ ^Sol^); therefore u{ip){xQ) = 0. But this holds for all 
Xq G V, subopen V of U, and G so m = 0. ■ 



2.1 Case < r < m 

Theorem 2.5 Let X be an n-dimensional C°° real manifold and D^'^ 
sheaf of differential operators of order < m and whose coefficients are of class 
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. Then, the natural morphism 

VY -^nom^,{C^,C^) (11) 

is an isomorphism. 

Proof. That the morphism (fTTj) is injective is obvious. Let us show sur- 
jectiveness. To this end, let u G 'Hom]gi^{Cx,Cx)iU), where ?7 is a local 
chart {U; Xi, . . . , Xn) in X. We will show that u is in fact a differential op- 
erator with coefficient functions of class C^. For this purpose, consider the 
differential operator 

P=J2 (12) 

\(3\<m 

in which the are of class C"" and defined by induction on |/3|, in the 
following manner: let I : f/ — > M be the constant function I{x) = 1, we set 

(lo{x) = u(I) = ttQ. 

Suppose that we have defined a/3 for < t, then, for any multi- index a such 
that \a\ = t, set: 

aa{x) = (n - ^ ai3{x)d'^){x°'). 

W\<t 

Clearly, aa G Cx{U). That P G 'HorriR^ {Cx , Cx) (U) is clear. Since, for every 
x^, with 1/3 1 < m, 

{u-P){xf^) = 0, 

it follows that 

(«-P)(P™) = 0; 
hence, by Lemma [2.41 u = P, and the proof is finished. ■ 



2.2 Case m-r <0 

Lemma 2.6 For any nonnegative integer m, T-LomM.x(Cx,Cx~^^) = 0. 
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Proof. Since C^+^ C C^, we have that 

By Theorem 12.51 for any open set f/ in X, if 

then 

Without loss of generahty, suppose that U is a. local chart of X, so 

U= «a(x)5", (13) 

\a\<m 

where aa{x) is C°. If all the aa{x), in f|T3|) . are zero , then there is nothing to 
prove. Suppose there exists an a such that aa{xo) ^ for some point xq G t/, 
and let h G Cx{U) be such that d'^'^^h does not exist at xq; consequently, 
6 i C^^^U). By applying ([13]) on b, we notice that u{b) ^ C^+^(f/). For, 
suppose, without loss of generality, that, in (fT3|l . aQ,(x) = for all a such 
that |a| < m; so 

m(6) = J2 aa(x)9°6. 

|Q:|=m 

Since d"^~^^b does not exist at xq, then, for some (3 with |/3| = 1, 

a^(n(6)) = d^iaMd'^b); 

\a\=in 

thus {aa{x)d"^b) does not exist at xq. But this leads to a contradiction as 
by hypothesis u{b) G C^+^(t/). ■ 

Thus, whenever m < r, the following theorem holds. 

Theorem 2.7 Lei m, r & Z such that < m < oo, < r < oo anc? 
m — r < 0. Then, 

nom^ACx.C'x)=0. (14) 

ifence, 
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Proof. f|T4|) follows from the sequence 
Hence, (fTSll holds. ■ 



2.3 Case m = r 

Lemma 2.8 Let U be a local chart in a manifold X , m a nonnegative integer 
and P : Cx{U) — > Cx{U) a morphism, given by 



\a\<m 



a 



where aa{x) G C^. Then, aQ^x) G Cx{U) and a^ix) = for all a such that 
|a| 7^ 0. In other words, 

■Hom^,{C^,C^)CC^. 



Proof. Let I : U — > M denote the constant function I[x) = 1. Then, 

P(I) = ao{x) = ao 

and 

ao e C™(f/). 

For any a = (0, ■ ■ ■ , 0, a^, 0, ■ ■ ■ , 0), 1 < i < n, we contend that = 0. In 

i-l 

fact, let if = (^(xi) = x"^ G if (f is an antiderivative of Lf, then 

^ G C^(f/) and 

XI "{o, -,o,".,o,-,o)(a;)^^^ = (P-ao)(^(xi)) (16) 

with 

(P-ao)(^(x.))GC^(f/). 
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But the collection {(p{xi), • • • , is linearly independent, there- 

fore, we have that 

P = ao 

and 

a(o,-,o,«i,o,-,o)(3;) = 

for all 1 < < m. 

Now, let a = (0, ■ ■ ■ , 0, a^, Oj+i, 0, ■ ■ ■ ,0) with 1 < + aj+i < m. 

i-l 

Consider the function ip = ip{xi,Xi-^i) = x'^x'^^ G CxiU) and let ip = 
'il){xi,Xi+i) be such that 

52 r 



— %p{Xi,XiJ^i}. 

dxidxi+i 



Then 



5 

m m 



o «'+/^ = (P -ao){^{xi,Xi+i)) 



(17) 



with ^ 

(P-ao)(^(x,,x,+i)) eC^(t/). 

Since the collection 

is linearly independent, it follows that 

'2(0,---,0,«i,Oi+i,0,---,0)(3;) = 

for all ai and aj+i such that 1 < + Oj+i < m. 

In an analogous way, one shows that the rest of the coefficient functions 
aa{x) outside of Qq^x) are 0. The proof is thus finished. ■ 

That C nom^^{C^,Cx) is obvious. In fact, for any open f/ C X 
and ifi e C^{U), the map (p : C^lu — > defined by 

(fiifj) = ifi/j 
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is linear. Thus, on considering Lemma I2.8[ we have 
Theorem 2.9 Let m E NU {0}. Then, 

Let us now state diagrammatically our resuhs. 

Theorem 2.10 Let X be an n- dimensional real manifold and T)^'^ the 
sheaf of differential operators of order < m and whose coefficients are of class 
. Then, the diagram 

^rn-n,n ^ ^Hom^, {C^ .C^) 

where horizontal arrows are isomorphisms, vertical arrows injections, and 
k < m < n, commutes. 
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